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Maths Class 11 Chapter 5 Part -1 Quadratic equations

1. Real Polynomial: Let ag, a3, a, ... , a, be real numbers and x is a real variable. Then, f(x) =
ap + ;X + ax? + ... +ax"is called a real polynomial of real variable x with real coefficients.

2. Complex Polynomial: If ag, a, ay, ... , a, be complex numbers and x is a varying complex
number, then f(x) =ap + a;x + X2+ ... +a, X" T+ax"iscalled a complex polynomial or a
polynomial of complex variable with complex coefficients.

3. Degree of a Polynomial: A polynomial f(x) = ag + a;x + a,x* + agx® + ... + a,x", real or
complex is a polynomial of degree n, if a, # 0.

4. Polynomial Equation: If f(x) is a polynomial, real or complex, then f(x) = 0 is called a
polynomial equation. If f(x) is a polynomial of second degree, then f(x) = 0 is called a
quadratic equation .

Quadratic Equation: A polynomial of second degree is called a quadratic polynomial.
Polynomials of degree three and four are known as cubic and biquadratic polynomials
respectively. A quadratic polynomial f(x) when equated to zero is called quadratic equation.
i.e., ax? +bx +c=0 where a#0.

Roots of a Quadratic Equation: The values of variable x .which satisfy the quadratic equation
is called roots of quadratic equation.

Important Points to be Remembered

« An equation of degree n has n roots, real or imaginary .

« Surd and imaginary roots always occur in pairs of a polynomial equation with real
coefficients 1.e., if (\/2 + \/3i) is a root of an equation, then’ (\/2 — \/3i) is also its root. .

« An odd degree equation has at least one real root whose sign is opposite to that of its
last’ term (constant term), provided that the coefficient of highest degree term is
positive.

« Every equation of an even degree whose constant term is negative and the coefficient of
highest degree term is positive has at least two real roots, one positive and one negative.

« Ifan equation has only one change of sign it has one positive root.

« Ifall the terms of an equation are positive and the equation involves odd powers of X,
then all its roots are complex.

Solution of Quadratic Equation

1.Factorization Method: Let ax® + bx + ¢ = a(x — o)) (x — B) = O. Then, x = o and x =  will
satisfy the given equation.

2. Direct Formula: Quadratic equation ax® + bx + ¢ = 0 (a # 0) has two roots, given by
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where D = A = b? — 4ac is called discriminant of the equation .

Above formulas also known as Sridharacharya formula.

Nature of Roots

Let quadratic equation be ax? + bx + ¢ = 0, whose discriminant is D.

(i) Forax?*+bx+c=0;a,b,CeRanda#0,if

(a) D <=> Complex roots

(b) D > 0 => Real and distinct roots

(c) D =0 => Real and equal roots as a = § = — b/2a

(i) Ifa, b, CeQ,a#0,then

(a) If D >0 and D is a perfect square => Roots are unequal and rational.

(b) IfD>0,a=1;b,celandD is a perfect square. => Roots are integral. .
(c) If D > and D is not a perfect square. => Roots are irrational and unequal.

(iii) Conjugate Roots The irrational and complex roots of a quadratic equation always occur in
pairs. Therefore,

(a) If one root be a + if3, then other root will be o — if3.

(b) If one root be o + VB, then other root will be o — Vp.

(iv) If D, and D2 be the discriminants of two quadratic equations, then

(@) If Dy + D, >0, then At least one of D;and D, >01fD; <0, then D, >0,
(b) If D, + D, <0, then At least one of D and D, <0 If D; >0, then D, <0
Roots Under Particular Conditions

For the quadratic equation ax® + bx + e = 0.
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(i) If b = 0 => Roots are real/complex as (c < 0/c > 0) and equal in magnitude but of opposite
sign.

(i1) If c = 0 => One roots is zero, other is— b / a.

(iti) If b = C = 0 => Both roots are zero.

(iv) If a=c => Roots are reciprocal to each other.

(v) Ifa>0,c<0,a<0,c>0}=>Roots are of opposite sign.
(vi)Ifa>0,b>0,c>0,a<0,b<0,c<0}=>Both roots are negative, provided D >0
(vil) Ifa>0,b<0,c>0,a<0,b>0, c <0} => Both roots are positive, provided D >0
(viii) If sign of a = sign of b # sign of ¢ => Greater root in magnitude is negative.

(ix) If sign of b = sign of ¢ #. sign of a => Greater root in magnitude is positive.

(x) Ifa+b+c=0=>0nerootis 1 and second root is c/a.

Relation between Roots and Coefficients

1. Quadratic Equation: If roots of quadratic equation ax? + bx + ¢ = 0 (a # 0) are a and B, then
Sum of roost = S = o + B = -b/a = — coefficient of x / coefficient of x> Product of roots =P = ¢
* B = c/a = constant term / coefficient of x°

2. Cubic Equation: If o, B and y are the roots of cubic equation ax® + bx? + cx + d = 0.

Then,

Y cx:<1+[3+y:—é

a
C

Y of=of +py+yo=—

a

d
afy=-—
a

3. Biquadratic Equation: If a, B, y and & are the roots of the biquadratic equation ax* + bx® +
cx® + dx + e =0, then

Sl=a‘B+y——-—Q.
a
Sz=ab+uy+a5+ﬂy+ﬂé+78=(—1)2'£=

c
a a
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S;=(@+B)y+d) +ap+1=—

Sy =aBy + Byo + pooc + @b =(-19 L= -2

a
S, =aﬁ(7+6)+y§(a+ﬁ)=—%

e—

S,=0-B-yd=(-1)*= €.
a a

Symmetric Roots: If roots of quadratic equation ax? + bx + ¢ = 0 (a # 0) are a and B, then

———— 4 -dac _1VD
(1)(a—B)—\l(afﬁ) —4uﬁ—+" e SN

a a
- 2ac

(l

(i) o +B% = (o +P)* - ?aB—

b\,"h?‘ L - h\{Q

(i) o* - B =(@ +B) @ +B) —4dop =+

i a’
R (;\(b~ — 3ac)
(iv) o +B% = (@ +B)’ - 3aplo +B)=—— 2
: — } . (b - cw)\,f'b2 — 4ac
wya® —p* =@ -B) + 3opla-p) =- 3
on [b%-2ac © gt
i) ot + B* = {(o + B)* - 20} - 20°B* = — -3
a

s o amus g a2y tO(BE— /ac'}\-b " — dac
(vil)a! =B =(a* - P )" +P7)= ——

s
» 3\ 2 }): - ac
(vii) a? + o + B =@ +B) —ap = —
a
oo B of+B? (4P —20p _ b° -2
IX) =it e = = Aﬁ SR
B « ofd o
. A b
(x) a“B+B a=opla+p)=—-
a®
(oY (B Vel +p? (o + B%* —2a " P _ b°D+ 2a°c”
(X1) S 5y 6 = el Y <O - 9.9
" B La l adli o’p° ac

Formation of Polynomial Equation from Given Roots

If a1, @, as,..., an are the roots of an nth degree equation, then the equation is x" — S; X"~ o+
S,X" 28 X" 3 +.. . +(_1)"S, = 0 where S, denotes the sum of the products of roots taken n at
a time.

1. Quadratic Equation
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If o and B are the roots of ‘a quadratic equation, then the equation is x* — S;X + S, = 0
e, x> —(a+P)x+op=0
2. Cubic Equation

If a, B and y are the roots of cubic equation, then the equation is

X —S,x2+82x -S;=0

2 —(@+B+7x*+(@f +Py +y)x—ofy =0

3. Biquadratic Equation
If a, B, y and & are the roots of a biquadratic equation, then the equation is

.1'4 - SIIH + Szxz .- S";x"' S'f = O
x”‘—(’a+B+y+8)xﬁ + (o + Py +~75+a8+[38+a7)x2
—(afy + oPd + Byd + a)x + afy® =0

Equation In Terms of the Roots of another Equation

If a, B are roots of the equation ax? + bx + ¢ = 0, then the equation whose roots are.

(i) -a,-PB s ax’-bx+c=0 (replace x by —x)
(i) a",B";ne N =>a(x"" ) + 6(x"")+c=0 (replace xby x"")
(iii) Ao, AB = ax® + kbx + kc =0 (replacexby x/ k)
(v) k+a,k+B =a(x-k*+bx—-k)+c=0 (replace xby(x — &)
(v) (: ; [: = kax® + kbx+¢c=0 (replace x by kx)
(vi) &’ ,BY";ne N = a(x" ¥+ Hx")+c=0 (replace xby x™)

The quadratic function f(x) = ax* + 2hxy + by® + 2gx + 2fy + ¢ is always resolvable into linear
factor, iff

abc + 2fgh —af* —bg®—ch®*=0

Condition for Common Roots in a Quadratic Equation
1. Only One Root is Common
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If a be the common root of quadratic equations
ax? +bx+ Cy =0,

and a,x? + bx + C, = 0,

then a;a® + bya + C; = 0,

and a,a’ + b,a + C, = 0,

By Cramer’s Rule

Hence, the condition for only one root common is
(C182 — C281)2 = (b1C2 — baC1)(arb2 — azby)

2. Both Roots are Common

The required condition is

ayla,=by/by=ci/cy

(i) To find the common root of two equations, make the coefficient of second degree term in
the two equations equal and subtract. The value of x obtained is the required common root.

(if) Two different quadratic equations with rational coefficient can not have single common
root which is complex or irrational as imaginary and surd roots always occur in pair.

Properties of Quadratic Equation

(i) f(a) . f(b) < 0, then at least one or in general odd number of roots of the equation f(x) = 0 lies
between a and b.
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(i) f(a) . f( b) > 0, then in general even number of roots of the equation f(x) = O lies between a
and b or no root exist f(a) = f(b), then there exists a point ¢ between a and b such that f'(c) = 0,
a<c<bh.

(iii) If the roots of the quadratic equation ax? +byx + ¢y =0, ax? + box + ¢, = 0 are in the ratio
(i.e., &alphay;/B, = &alphay;/B,), then

b,? / by? = a;¢1 / aC.

(iv) If one root is k times the other root of the quadratic equation ax? + bx + ¢ = 0 ,then
(k+1)*/k="Db?/ac

Quadratic Expression

An expression of the form ax? + bx + ¢, where a, b, ¢ € R and a # 0 is called a quadratic
expression in x .

1. Graph of a Quadratic Expression
We have

y = ax? + bx + ¢ = f(x)
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Lety+D/4da=Yandx+D/2a=X

Y=a*X?*=>X?=Y/a

(i) The graph of the curve y = f(x) is parabolic.

(i) The axis of parabolais X =0orx+b/2a=01i.e., (parallel to Y-axis).

(iii) If a > 0, then the parabola opens upward.
If a <0, then the parabola opens downward.

\ /_\\ X~e?;is
\_ /
/ \
a>0,D<0 a<0,D<0
/ / \

» X-axis

2. Position of y = ax? +bx + ¢ with Respect to Axes.

(i) For D > 0, parabola cuts X-axis in two real and distinct points
i.e,x=-b+VD/2a

a<0
\\ / N\ » X-axis

(if) For D = 0, parabola touch X-axis in one point, X = — b/2a.

\ / @<9 » X-axis
+ X-axis / \
ga>0

(iii) For D < O,parabola does not cut X-axis (i.e., imaginary value of x).

\/ » X-axis
X-axis /\ \

a>0 D<0
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3. Maximum and Minimum Values of Quadratic Expression

(i) If a > 0, quadratic expression has least value at x = b / 2a. This least value is given by 4ac —
b? / 4a = — D/4a. But their is no greatest
value.

(i1) If a < 0, quadratic expression has greatest value at x = — b/2a . This greatest value is given
by 4ac — b? / 4a = — D/4a. But their is no least value.

4. Sign of Quadratic Expression
()a>0and D <0, so f(x) >0 for all x € R i.e., f(x) is positive for all real values of x.
(M a<0and D <0,so f(x) <0forall x € R i.e., f(X) is negative for all real values of x.

(i) a> 0 and D =0, so f(x) > 0 for all x € R i.e., f(x) is positive for all real values of x except
at vertex, where f(x) = 0.

(iv)a<0and D =0, so f(x) <0 for all x € R i.e., f(x) is negative for all real values of x except
at vertex, where f(x) = 0.

(vya>0and D >0
Let f(X) = o have two real roots a and B (a < ), then f(x) > 0 for x € (- o, o) U (B,0) and f (x)
<0 forall x € (a, B).

(vija<OandD>0
Let f(x) = 0 have two real roots o and p (o < ). Then, f(x) <0 for all x € (- «, a0) U (B,0) and
f(x) > 0 for all

X € (a, B).,
5. Intervals of Roots

In some problems, we want the roots of the equation ax® + bx + ¢ = 0 to lie in a given interval.
For this we impose conditions on a, b and c.
Since, a # 0, we can take f(x) = x% + bla x + c/a.

(i) Both the roots are positive i.e., they lie in (0,%0), if and only if roots are real, the sum of the
roots as well as the product of the roots is positive.

o+ B =-b/a>0and op = c/a> 0 with b>— 4ac >0

Similarly, both the roots are negative i.e., they lie in (- ©,0) ifF roots are real, the sum of the
roots is negative and the product of the roots is positive.

i.e., 0+ p=-b/a<0and af =c/a> 0 with b —4ac >0
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(i) Both the roots are greater than a given number k, iFf the following conditions are satisfied

D >0, -b/2a >k and f(k) > 0

f \

\

h2a /
 —NZ )

S — X

\ \
| 1
| I
| . I
X' . el X X' I
R ~-bl2a k

(iii) Both .the roots are less than a given number Kk, iff the following conditions are satisfied
D>0,-b/2a>kand f(k) >0
(iv) Both the roots lie in a’ given interval (kj, ky), iff the following conditions are satisfied

D > 0.k; < -b/2a < k; and f(ky) > 0, f(k,) > 0

X X
‘,,"24 I\'J K1

(v) Exactly one of the roots lie in a given interval (ky, kp), iff

f(ky) f(k2) <0

I,
|

(vi) A given number k lies between the roots iff f(k) < O. In particular, the roots of the equation
will be of opposite sign, iff O lies between the roots.

= f(0) <0

Wavy Curve Method

Let f(x) = (x - al)kl (X - az)kz(x — a3)k3 oo (X =2y 1)kn S (x— an)kn
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where Ky, ko, Ks,..., ky € N and ay, ay, as,..., a, are fixed natural numbers satisfying the
condition.

< <az<...<ay_1<a,.

First we mark the numbers ay, a,, as,..., a, on the real axis and the plus sign in the interval of
the right of the largest of these numbers, i.e., on the right of a,. If k,, is even, we put plus sign
on the left of a,and if k,, is odd, then we put minus sign on the left of a, In the next interval we
put a sign according to the following rule.

When passing through the point a, _; the polynomial f(x) changes sign . if k, _; is an odd
number and the polynomial f(x) has same sign if k,,_, is an even number. Then, we consider
the next interval and put a sign in it using the same rule.

Thus, we consider all the intervals. The solution of f(x) > 0 is the union of all interval in which
we have put the plus sign and the solution of f(x) < 0 is the union of all intervals in which we
have put the minus Sign.

Descarte’s Rule of Signs

The maximum number of positive real roots of a polynomial equation f(x) = 0 is the number of
changes of sign from positive to negative and negative to positive in f(x) .

The maximum number of negative real roots of a polynomial equation f(x) = 0 is the number of
changes of sign from positive to negative and negative to positive in f(x).

Rational Algebraic In equations

(i) Values of Rational Expression P(x)/Q(x) for Real VValues of x, where P(x) and Q(x) are
Quadratic Expressions To find the values attained by rational expression of the form a;x* +
b]_X +C / 3.2X2 + b2X +C)

for real values of x.

(a) Equate the given rational expression to y.

(b) Obtain a quadratic equation in x by simplifying the expression,

(c) Obtain the discriminant of the quadratic equation.

(d) Put discriminant > 0 and solve the in equation for y. The values of y so obtained determines
the set of values attained by the given rational expression.

(i) Solution of Rational Algebraic In equation If P(x) and Q(x) are polynomial in X, then the
in equation P(x) / Q(x) >0,

P(x)/ Q(x) <0, P(x) / Q(x) >0 and P(x) / Q(x) < 0 are known as rational algebraic in
equations.

To solve these in equations we use the sign method as
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(a) Obtain P(x) and Q(x).

(b) Factorize P(x) and Q(x) into linear factors.

(c) Make the coefficient of x positive in all factors.

(d) Obtain critical points by equating all factors to zero.

(e) Plot the critical points on the number line. If these are n critical points, they divide the
number line into (n + 1) regions.

(f) In the right most region the expression P(x) / Q(x) bears positive sign and in other region the
expression bears positive and negative signs depending on the exponents of the factors .

Lagrange’s identity

If a1, a,, a3, by, by, b3 #R, then

(a1° + a;° + a5°) (bs” + by® + bs®) — (aiby + axh, + aghs)?
= (athz — a;b1)* + (azbs — ashy )* + (aghy — ashs)’
Algebraic Interpretation of Rolle’s Theorem

Let f (x) be a polynomial having o and B as its roots such that o < 3, f(a) = f(f) = 0.Also, a
polynomial function is everywhere continuous and differentiable, then there exist 6 € (a, )
such that f'(0) = 0. Algebraically, we can say between any two zeros of a polynomial f(x) there
1s always a derivative * (x) = 0.

Equation and In equation Containing Absolute Value

1. Equation Containing Absolute Value

By definition, [x| =x, if x>0 OR -x, if x <0

If |f(x) + g(x)| = |f(x)| + g(x)|, then it is equivalent to the system f(x) . g(x) > 0.
If [f(X) — g(X)| = |[F(X)| — g(X)|, then it is equivalent to the system f(x) . g(x) <0.
2.1n equation Containing Absolute Value

() |Xx<a=>-a<x<a(a>0)

(i) [x|]<a=>-a<x<a

(iii) x| >a=>x<—-aorx>a

(iv) x| >a=>xle;—aorx>a

3. Absolute Value of Real Number

IX| =-x,x <0 OR +x,x >0
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(i) Ixyl = IXIly]

(i) [x 7 y[ = x| /|yl

(iii) [x|* = X

(v) x| > x

(V) [x +y[ < x|+ ]yl

Equality hold when x and y same sign.
(Vi) X —y[ = [[x] = |yl

Inequalities

Let a and b be real numbers. If a — b is negative, we say thatais lessthan b (a<b)and ifa—b
IS positive, then a is greater than b (a > b).

Important Points to be Remembered
(i) Ifa>bandb >c, thena>c. Generally, ifa; > ay, a > as,...., a,_1 > a, then a; > a,.

(ii) Ifa>b,thenatc>b* ¢, VceR

a b
(iii) (a)lfa>bandm>0,am >bm,—>—

m m
b a
(b)ifa>bandm<0, bm<am,—<
m m
(iv) ifa>b>0,then
1 1
'a) 2 > b2 [ S X
(a)a” >b (b)|a|>|b| (C)a 5
(v) Ifa<b<0,then
1T 1
(a) @* > b (b)|al>|b| (c) = >t-)

(vi) Ifa<0<b,then
(a) @® >b?, if|a|>|b]
(b) @ <b*,if|a|<|b]|

(vii) Ifa< x < b and a, b are positive real numbers then a? < x* < b?
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(viii) If a<x <band ais negative number and b is positive number, then
(a) 0 <x* <b?,if |b|>|a|

(b) 0 <x* <b?,if |a|>|b]

(ix) |f% >0, then

(a)a>0, ifb>0
(b)a<0,ifb<0
(x) If a,>b; >0,wherei=1,2,3,..,n then

a,a,05...a, >bbb,...b,
(xi) if|x|]<aand
(a) if a is positive, then —a<x <a.
(b) if @ is negative, thenx € ¢
(xii) Ifa; >b,, wherei=1,2,3,...,n,then

G+a+a+..+a,>b+b+...+b,
(xiii) If 0 <a<1and nis a positive rational number, then

@0<a”<1 (b)a">1
Important Inequality
1. Arithmetico-Geometric and Harmonic Mean Inequality

(i) Ifa,b>0 and a # b, then

a+b 2
> ab
2 VYT W e+l b)

(i) if &> 0, where 1 = 1,2,3,...,n, then

a +a2 + e, B 2(a] P an)]/n
n
n
2
1 1 1
—+ — 4 ...+
4] Qg a’n

(iii) If a, ay,..., a, are n positive real numbers and my, m,,...,m, are n positive rational
numbers, then

1

m,a+ Myly +..4+m,a,
m, + mg +..4+m,

mo

+ meg+..tm
S (al’"l -a) M)t + M3 n

0

www.ncerthelp.com (Visit for all ncert solutions in text and videos, CBSE syllabus, note and many more)



http://www.ncerthelp.com/

15| Page

I.e., Weighted AM > Weighted GM

(iv) If ay, ay,..., a, are n positive distinct real numbers, then

n

m m m
a” +ay+..+a, >(a1+a2+...+a,,
n

ne
] fm<0orm>1
(@)

mn m m
a* +ag +.tay (a,] + agt..+a,

(b) n

(c) If ay, a,,..., a, and by, by,..., b, are rational numbers and M is a rational number, then

J JAf0<sm<1
n

\m
bla{"F' + byas' +..+ byay N ba, + ba, +..+b,a,

JJf0<m<1
b, + by+..+b, b + by+..+b,

m
m m m )
ba" + bay +.+ba, " ba, +ba, +..+b,a,

b + by+..+b, b + by+..+b,

(d) if0<m<1

(v) If ay, a,, as,..., a, are distinct positive real numbers and p, ,q, r are natural numbers, then

1

n

4 A
a?* "+ a1+ 4a,” YT (af +af +.4a)
-~ e ol > 4 — - = S

n

n

q q q r r
Ol -+ az +...t+@a, ] {al___f ag f._._.*i‘é
n

2. Cauchy — Schwartz’s inequality

If a1, ap,..., ap, and by, by,..., b, are real numbers, such that

(a1by + @by + ...+ aghn)? < (ar® + a® + ..., a,2) * (b + b2 + ..., by)
Equality holds, iffa; /by =a, /b, =a,/ b,

3. Tchebychef’s Inequality

Leta;, a,..., a, and by, b,,..., b, are real numbers, such that
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(i) Ifa;<ay<az<...<ajand b; <b, <bs<...<b,, then
n(aib; + aoh, + ashs + ...+ aby) >(ag +a, + ...+ a,) (by + b, + ...+ by)
(i) If Ifa; >a, > a3 >... >a,and by > b, > bz >... > by, then

n(aib; + aph, + ashz + ...+t aby) <(ag+a, +...+a,) (by + b, + ...+ by)
4. Weierstrass Inequality

(i) If a, ay,..., a, are real positive numbers, then for n > 2
l1+a)(@+a)...(1+ta)>1+a +ta+...ta,

(i) If a, ay,..., a, are real positive numbers, then
l1-a)(l-ay)...(1-a,)>1l-a;—a,—...—a,

5. Logarithm Inequality

(i) (@) Wheny >1and logy x >z = X > y*

(b) Wheny >1and logyx<z=0<x<y?

(i) @ WhenO<y<1landlogyx>z=0<x<y’
(b)hen0<y<1landlogyx<z= x>y’

Application of Inequalities to Find the Greatest and Least Values

(1) If x),X,...,x, are n positive variables such that x; + x, +...+ x, = ¢ (constant), then the
product x; * X, *....* x, is greatest when x; = X, =... =x, = ¢/n and the greatest value is (c/n)".

(i) If x;,X,,...,x, are positive variables such that x,,x,,...,x, = ¢ (constant), then the sum x, +
X; +....+ Xq is least when x; = X, =... =x, = ¢ and the least value of the sum is n (c*™).

(iii) If x;,Xo,...,x, are variables and m;,m,,...,m, are positive real number such that x; + x, +....+
X, = ¢ (constant), then ;™ * x,™, *... * x," is greatest, when

x|/m|:X2/m2=...=xn/mn

=X+ Xo oA X, M+ my L my,
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